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Abstract
We investigate Matrix theory in the large-N limit following the conjectured correspon-
dence between Matrix theory and supergravity on the near-horizon limit of the D0-brane
background. We analyze the complete fermionic spectrum of supergravity and obtain two-
point functions of the supercurrents in Matrix theory. By examining the large-N scaling
properties of the correlators, we analyze the behavior of the supercurrents under the boost
in the 11-th direction and discuss the consistency of the 11-dimensional interpretation of




According to the Matrix-theory conjecture of Banks, Fischler, Shenker and Susskind [1],
M-theory in the innite momentum frame is dened by the large-N limit of the one-
dimensional U(N) super Yang-Mills theory which describe the collection of N D0-branes.
Since the D0-brane is believed to be the Kaluza-Klein particle corresponding to the com-
pactication of 11-th direction and has positive longitudinal momentum, it is considered
as a natural candidate for the elementary degrees of freedom in the innite momentum
frame. Also, extended objects of M-theory such as membranes and 5-branes can be de-
scribed as classical congurations of matrices in SYM theory. However, what is highly
non-trivial is that the SYM theory which is the description of D-branes in the low-energy,
short-distance and the weak-coupling limit is proposed as the exact non-perturbative
denition of M-theory. Taking the large-N limit must be an important ingredient. Sub-
sequently, it was proposed that the nite-N version of Matrix theory can be interpreted
as the compactication of M-theory on a lightlike circle [2]. The compactication in the
lightlike direction is equivalent to the compactication in the spacelike direction with
small compactication radius and small transverse length scale [3, 4]. Since M-theory
compactied on the small spatial circle is the weakly-coupled type IIA string theory, it
provides the explanation for the appearance of SYM theory for the D0-branes. Various
quantitative checks for the nite-N interpretation has been performed, including the con-
sistency with the supergravity interactions up to two-loop perturbations in Matrix theory
[5, 6, 7].
As Matrix theory is intrinsically formulated in 10-dimensional language, the crucial
issue is how it realizes the 11-dimensional Lorentz invariance. In Matrix theory, the
longitudinal momentum is given by P− = N=R where R = gs‘s and the boost in the 11-th
direction rescales N with xed gs, according to the proposal of Banks et al. Thus, for the
boost invariance, the theory must have a kind of scale invariance with respect to N in
the large N limit. However, analysis of gauge theory in the large N limit (with xed gs)
is dicult and there was no clue for this ‘scale invariance’.
In the previous paper [11], with the motivation for understanding the boost invariance
of Matrix theory, we have investigated Matrix theory in the large-N limit using the con-
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jectured correspondence with supergravity. For non-dilatonic branes such as D3-branes,
exact equivalence between super Yang-Mills theory describing the branes and the super-
string theory on the near-horizon limit of the classical solution is proposed [8]. The same
kind of correspondence is conjectured for dilatonic branes such as D0-branes [9]. The con-
jecture was made more precise by Jevicki and Yoneya [10] who pointed out that Matrix
theory and the near-horizon limit of the D0-brane solution have the same symmetry called
the generalized conformal symmetry. In [11], following this ‘generalized AdS/CFT corre-
spondence’ and assuming the relation between the supergravity action evaluated on the
near-horizon limit of D0-brane solution and the generating functional for Matrix-theory
correlators, following the general method proposed by Gubser, Klebanov and Polyakov
[12] and by Witten [13] for non-dilatonic branes, we have predicted the 2-point functions
of bosonic operators of Matrix theory. We have examined the N dependence of the cor-
relators and analyzed the behavior of Matrix-theory operators under the boost in the
11-th direction. We have found that the scaling of N can be interpreted as a spacetime
symmetry, but there was an unexpected anomalous behavior for interpreting it as the
Lorentz boost. However, this anomalous behavior does not necessarily mean the violation
of 11-dimensional Lorentz invariance in Matrix theory. We have to point out the possi-
bility that the generalized AdS/CFT correspondence does not give the exact information
for Matrix theory, which may be due to the fact that we have to restrict ourselves to the
near-horizon region of D0-branes in the supergravity calculation in this formulation. We
shall review these discussions in section 4 of this paper for completeness.
In this paper, we study the Matrix-theory supercurrents. The boost properties of
the supercurrents are particularly important, for they form the basis for the following
11-dimensional interpretation of the supersymmetry of Matrix theory. The SUSY in 11
dimensions has 32 real supercharges. In the lightcone frame where SO(9) of SO(10,1)
SO(1,1)SO(9) is manifest, supercharges are divided into two classes which are called the
kinematical SUSY and the dynamical SUSY, according to the SO(1,1) weight (longitu-
dinal boost weight). The explanation for the 11-dimensional SUSY in Matrix theory is
as follows. Matrix theory has two kinds of fermionic symmetries: one is a constant shift
of fermionic eld only, and the other is the usual SUSY transformation of SYM theory.
The former is interpreted as the kinematical SUSY and the latter is interpreted as the
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dynamical SUSY in 11 dimensions. Indeed, the Dirac-bracket algebra of the supercharges
calculated in Matrix theory reproduces the 11-dimensional lightcone SUSY algebra under
this identication [14]. In this paper, we try to give further evidence for the 11-dimensional
SUSY of Matrix theory by checking whether the supercharges (supercurrents) have the
correct SO(1,1) weight in the sense of the large-N scaling behavior. We continue the anal-
ysis of [11] and compute the two-point functions of the supercurrents of Matrix theory
following the generalized AdS/CFT correspondence. For that purpose, we work out the
complete spectrum of the fermionic degrees of freedom of 10-dimensional type IIA super-
gravity on the near-horizon limit of D0-brane background. Analysis of the spectrum is
performed on the equivalent 11-dimensional background. We analyze the N -dependence
of the correlators which are obtained form the generalized AdS/CFT correspondence and
discuss the behavior of the supercharges under the boost in the 11-th direction.
This paper is organized as follows. In section 2, we review the 10- and 11- dimensional
descriptions of D0-brane solution. In section 3, the fermionic spectrum of supergravity
is analyzed. In section 4, we calculate Matrix-theory two-point functions following the
generalized AdS/CFT correspondence. In section 5, we discuss the 11-dimensional Lorentz
invariance and supersymmetry of Matrix theory by analyzing the scaling behavior of the
correlators with respect to N . We conclude in section 6.
2. Ten- and eleven- dimensional descriptions of the solution
2.1 The D0-brane solution
D0-brane solution in the string frame in 10 dimensions is given by
ds210 = −e2~φ/3dt2 + e2~φ/3dx2m;
eφ = gse













; q = 603(0)7/2gsN:
and m(= 1; : : : ; 9) denotes the indices of the Cartesian coordinates in the transverse
directions throughout this paper. String coupling gs is dened by e
φ at innity and the
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part of the dilaton which vanish at innity is denoted by ~.
The D0-brane solution can be considered as the dimensional reduction of the solution in
11 dimensions. 10-dimensional description and 11-dimensional description are equivalent
if we note a few points remarked in the next subsection. We use the 11-dimensional
description for the analysis of the spectrum in the next section, and we convert to the
10-dimensional language when studying the generalized AdS/CFT correspondence which
is formulated in 10 dimensions. The metric in 11 dimensions and the metric, dilaton and
one-form eld in 10 dimensions are related by
ds211 = e
−2φ/3ds210 + e
4φ/3(dx11 − Aµdxµ)2: (2.2)
The metric which yields the D0-brane solution upon dimensional reduction on x11 is given
byy
ds2 = dx+dx− + h dx−dx− + dx2m (2.3)











; e0^− = 0; e1^1− =
p
h (2.4)
Indices with hat refers to those for the local Lorentz frame throughout this paper. We
summarize the connections and the curvatures of this background in Appendix A.
2.2 Near-horizon limit
The 11-dimensional geometry given by (2.3) corresponds to the full D0-brane solution
(without taking near-horizon limit). The near-horizon limit (r  q1/7) of the D0-brane
solution in 10 dimensions is given by substituting h for 1 + h in (2.1). That metric is
formally obtained from the metric
ds2 = 2dtdx− + h dx−dx− + dx2m (2.5)
yTo derive (2.3) from (2.1) using (2.2), we have rescaled the value of the coordinates
x(11)µ = g−1/3s x
(10)µ, (µ = 0, . . . 9), x(11)11 = g2/3s x
(10)11.
where x(11)µ, x(11)11 are the coordinates used in (2.3). With the rescaling of xµ, asymptotic flat 11D
metric corresponds to asymptotic flat 10D metric. The rescaling of the 11-th coordinate is such that the
period for the compactication is R = g3/2s `P = gs`s (not = `P ) for x(11).
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by dimensional reduction on the x11 direction. (2.5) means that we can analyze the
near-horizon limit of the 10-dimensional solution in the 11-dimensional language, by rein-
terpreting the coordinate as follows.
2t(n.h.) = x(full)+; x(n.h.)− = x(full)− (2.6)
where x(full) is the coordinate which was used in the last subsection. We use the coordinate
x(full) in the calculation and make this reinterpretation at the end.
There is one thing which needs care. We want to analyze the spectrum of the fluctu-
ations which does not depend on the 11-th coordinate, for it is directly related to the 10-
dimensional interpretation. Here, 11-th coordinate mean x(n.h.)11 when we want to study
the near-horizon limit. As the fluctuations are independent of x(n.h.)11 = 1
2
x(full)++x(full)−
(but depends on t(n.h.) = 1
2
x(full)+ and other transverse coordinates), in the intermediate
stage where we are calculating using the ‘(full)’coordinate, we must take the fluctuations
to be independent of x(full)−.z
3. Fermionic spectrum on the near-horizon D0-brane background
3.1 Equations of motion and SUSY invariance
We shall analyze the spectrum of the fermionic fluctuations on the background (2.3).
Fermionic elds of the 11-dimensional supergravity are the Rarita-Schwinger elds ΨM
which are Majorana spinors having vector indices. (We use M = 0; 1; : : : ; 9; 11 for the
indices of the 11-dimensional coordinate throughout this paper.) Linearized equation of
motion for the RS eld is
ΓMNPDNΨP = 0 (3.1)
where DM is the covariant derivative containing the torsionless spin connection at the
linearized level. Equations of motion for each component is given as follows. We use the
spherical coordinates on the transverse S8, which is denoted by xi (i = 1; : : : ; 8). In the
following equations, we use the ‘covariant derivative on the unit sphere’ ~Di which is made
from the connections on S8. Covariant derivative Di on the background (2.3) is not equal
zCompactication of the supergravity solution (2.3) on the lightlike circle is also discussed in [15, 16,
17].
6




rj and !ir^^. Note that the background
(2.3) is not a direct product of a sphere and something. (See Appendix A.) The (M = +)
component of (3.1) is
Γ+−Γr(D−Ψr −DrΨ−)− Γ+−Γi ~DiΨ− − 4
r
ΓrΓ
+−Ψ− − Γ+ΓrΓi ~DiΨr − 4
r
Γ+Ψr
−Γ+ ~DiΨi + Γ+−D−ΓiΨi + Γ+ΓrDrΓiΨi + Γ+Γj ~DjΓiΨi + 9
2r
Γ+ΓrΓ
iΨi = 0 (3.2)
The (M = −) component is
Γ−+Γr(D+Ψr −DrΨ+)− Γ−+Γi ~DiΨ+ − 4
r
ΓrΓ
−+Ψ+ − Γ−ΓrΓi ~DiΨr − 4
r
Γ−Ψr
−Γ− ~DiΨi + Γ−+D+ΓiΨi + Γ−ΓrDrΓiΨi + Γ−Γj ~DjΓiΨi + 9
2r
Γ−ΓrΓiΨi = 0 (3.3)
The (M = r) component is
Γ+−(D+Ψ− −D−Ψ+)− Γ+Γi ~DiΨ+ + 4
r
ΓrΓ




− ~DiΨi + Γ+D+ΓiΨi + Γ−D−ΓiΨi + Γj ~DjΓiΨi + 7
2r
ΓrΓ
iΨi = 0 (3.4)
The (M = i) component contracted with Γi (after subtraction of a certain combination
of (3.2), (3.3) and (3.4)) is
−Γ+Γi ~DiΨ+ + 4
r
ΓrΓ
+Ψ+ − Γ−Γi ~DiΨ− + 4
r
ΓrΓ
−Ψ− − ΓrΓi ~DiΨr − 4
r
Ψr − 2 ~DiΨi
+Γ+D+Γ
iΨi + Γ




iΨi = 0 (3.5)
The ‘Γi-transverse’ part of (M = i) component (which vanishes when contracted with Γi)
is
−Γα ~D(i)Ψα + ΓαDαΨ(i) − Γr ~D(i)Ψr + ΓrDrΨ(i) + Γj ~DjΨ(i) + 4
r
ΓrΨ(i) = 0 (3.6)
where the subscript (i) means that appropriate term proportional to Γi is substracted to
make the expression Γi-transverse.
The equations of motion are invariant under the local supersymmetry under which the
linearized fluctuations transform as ΨM = DM: For general modes, we x this gauge
invariance by imposing the condition
ΓiΨi = 0: (3.7)
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For the modes with lowest angular momentum, the above condition cannot be imposed
since some of the components of the fluctuations are invariant under the SUSY transfor-
mation, as we shall see in section 3.4. That case will be treated separately.
We take the following explicit representation for the Γ matrices in 11 dimensions which
have 32  32 components.
Γ0^ = i1 ⊗ γ9; Γr^ = 2 ⊗ γ9 ; Γ1^1 = 3 ⊗ γ9 ; Γı^ = 1⊗ γ ı^ (3.8)
where γ ı^ are Gamma matrices in 8 dimensions (16  16 matrices) which satisfy fγ ı^; γ ^g =
2 ı^^ and γ9 = γ1    γ8.
3.2 Expansions into spinor and vector-spinor spherical harmonics
Since the background has SO(9) symmetry in the transverse space, it is appropriate to
expand each eld into spherical harmonics which transform irreducibly under SO(9).
We decompose the spinor elds on S8 (Ψ+; Ψ− and Ψr) into spinor spherical harmonics
(k,+, k,−) on S8 which are 16-component Majorana spinors. The coecients of the





















Spinor spherical harmonics are the eigenfunctions of the Dirac operator on the sphere
γi ~Di
k, = i(k + 4)k,: (k = 0; 1; : : :) (3.10)
As we can see from (3.10), k,+ and k,− transform to each other when multiplied by
γ9. We have to take a linear combination of k,+ and k,− in the expansion (3.9) for
diagonalizing the equations of motion. (We have denoted the combination by (γ9)−1/2
following [18]. (γ9)−1/2 has the property γi(γ9)−1/2 = −i(γ9)1/2γi:) The explicit forms of
the harmonics k, are given by
k, =
[




where Y k is the scalar spherical harmonics of order k which satisfy ~D2Y k = −k(k +7)Y k.
~Di acts only on Y
k in (3.11).  are the Killing spinors on S8 which satisfy
~Di




The k = 0 modes of the spinor spherical harmonics are the Killing spinors themselves.
We expand the vector-spinor on S8, Ψi which satisfy Γ













The vector spinor harmonics k,+i , 
k,−
i are 16-component Majorana spinors and have the
properties
γik,i = 0; ~D
ik,i = 0 (3.14)
and are the eigenfunctions of the Dirac operator on the sphere
γj ~Dj
k,
i = i(k + 4)k,i (k = 1; 2; : : :) (3.15)
~D(i)
k, is dened by
~D(i)
k, = ~Dik,  i
8
(k + 4)γi
k, (k = 1; 2; : : :) (3.16)
and is the ‘γi-transverse’ part of ~Di. (satises γ
i ~D(i) = 0). The k = 0 mode is an
exception. Since the vector-spinor harmonics are dened for k  1 and ~D(i)k, vanishes
for k = 0 (as we can see from (3.12) and (3.16)), Ψi which satisfy γ
iΨi = 0 does not have
the k = 0 mode. However, we cannot impose the condition γiΨi = 0 in this case (as we




Since the spherical harmonics of dierent kind, or with dierent k, +;− are orthogonal
to each other, we can separately analyze each mode. The superscript (k; +); (k;−) on the
spherical harmonics will be often omitted when there is no source of confusion.
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3.3 Transverse vector-spinor modes
First, we analyze the mode corresponding to the vector-spinor harmonics 
(k,)
i . We
impose the gauge condition ΓiΨi = 0 and substitute the harmonic expansions (3.9) and
(3.13) into the equations of motion. The vector-spinor modes only appear in (3.6) where
















Ψ^ = 0: (3.18)
where h0 = @rh = −7h=r.
To analyze the near-horizon limit of the D0-brane solution, we reinterpret x+ ! 2t
and assume the elds to be independent of x−, as explained in section 2.2. Then, we





and Euclidize the time coordinate (t = −i , !M = i!E).[
−1@τ − 3@z + (2
5







(z−8/5Ψ^) = 0 (3.20)


















where the superscript (1) denotes the upper component of the two component spinors and
(2) denotes the lower component, (3C(1) = +C(1) and 3C(2) = −C(2)). To be a solution
of (3.20), C(1) and C(2) must satisfy
i!1C(1) = j!jC(2): (3.22)
Note that as is the case for the 1st-order action, half of the components are physical and
we can only x either Ψ^(1) or Ψ^(2) by a boundary condition.
3.4 Spinor modes at the lowest level (k = 0)
Next, we analyze the spinor modes on the sphere with lowest angular momentum, k=0,.
First of all, we shall discuss the supersymmetry on the D0-brane background. The trans-
formation ΨM = DM is written in components as






















When  is in the k = 0 mode (proportional to the Killing spinor)
 = ^(γ9)−1/2; (3.24)
we can see from the property of the Killing spinor (3.12) that Ψi transforms as
Ψi = −1
2
(1− 3)^ ⊗ γi(γ9)1/2: (3.25)
That is, half of the components of Ψi are invariant under the SUSY and we cannot achieve
ΓiΨi = 0 for the k = 0 modes. We shall rst analyze the equations for the k = 0 modes
without gauge xing and later specify a gauge conditions which are convenient.
We have to analyze four equations (3.2)  (3.5). (‘Γi-transverse part (3.6) is identically
zero for k = 0 modes.) Substituting the harmonic expansions (3.9) and (3.17) for Ψ+,
Ψ−, Ψr and Ψi, we obtain the following equations for k = 0 modes without gauge xing.
The upper signs are for k=0,+ mode and the lower signs are for k=0,−. From (3.2),
ip
h





















(1 + 3)Ψ^ = 0 (3.26)
From (3.3),






(3 − 1)Ψ^+ + (1 1) 4p
hr





(i1 − 2)@rΨ^ + 2h
0
h3/2r
(i1 − 2)Ψ^ + (−1 1) 28p
hr2
(i1 − 2)Ψ^ = 0 (3.27)
From (3.4),
23(@−Ψ^+ − @+Ψ^−) + h
0
2h













(−i1 + 2)@−Ψ^− 28
r2


























(1 + 3)Ψ^ = 0 (3.29)
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We have 8 rst-order equations (four 2-component equations) for 24 variables (Ψ^+, Ψ^−,
Ψ^r, Ψ^). As is the case for Rarita-Schwinger eld, 3  2 degrees of freedom are reduced
by gauge xing and constraints and remaining degrees of freedom are halved due to the
Dirac constraint. Thus, there is one physical degree of freedom. We have obtained the
Klein-Gordon-type 2nd-order equation for physical mode which should correspond to the
result of elimination of unphysical variable from Dirac-type 1st-order equations.
The physical mode corresponding to k=0,+ (the upper signs in the above equations)
satises [









(z−7/2Ψ^(1)− ) = 0 (3.30)
where Ψ^
(1)




− ). The derivation of (3.30) is
presented in Appendix B. We remark here that we have done the reinterpretation x+ ! 2t
and set @− = 0 which corresponds to considering the near-horizon limit in 10 dimensions.
Of course, our choice of the physical degree of freedom (Ψ^
(1)
− ) is not unique for it can
be expressed by (the combination of) other variables using the constraint equations. In
addition, we have to note that the order of the Bessel function  (= 21=5 in this case) is
not unique. That is, when there is a eld which satisfy Bessel equation with order 
[







 = 0; (3.31)
The following combination satises the Bessel equation with the order shifted by 1. x
[
−@2t + @2z +
1
z






) = 0: (3.32)
This fact corresponds to the identity of the Bessel function
zK 0ν(z) Kν(z) = −zKν1(z): (3.33)
In (3.30), we have chosen the representative for physical mode whose order  allows
interpretation in terms of the generalized AdS/CFT correspondence, as we shall see in
section 4.
xThe dierence of the orders for the upper (C(1)) and the lower (C(2)) component of the vector-spinor
mode Ψ^ in (3.21) is an example of this ambiguity of the order of the physical degree of freedom.
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As a result of a similar analysis for k=0,− mode (the lower signs in the eld equations),
we obtain the physical mode for this case[









(z−7/2Ψ(2)− ) = 0: (3.34)
where 3Ψ^
(2)
− = −Ψ^(2)− . The same remark as in the k=0,+ case for the order of the Bessel
function applies.
3.5 Spinor modes at general level (k = 1; 2; : : :)
In this case, we analyze 5 equations (3.2)  (3.6). Under the gauge condition ΓiΨi = 0,
the equations for k, modes (k = 1; 2; : : :) are the following. The upper signs are for the
k,+ mode and the lower signs are for the k,− mode. From (3.2),























































(−i1 + 2) ^^Ψ = 0(3.36)
From (3.4),



































((k + 4)− 4) (−i1 + 2)Ψ^−
+
(


































Ψ = 0 (3.39)
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There are two independent physical degrees of freedom. This is as expected, for the
total number of degrees of freedom for k  1 mode equals that of the RS eld. That is,
2  16 for spinor modes () plus (8 − 2)  16 for vector-spinor modes (i) (−2 for the
conditions Dii = γ
ii = 0) equals the total degrees of freedom of RS elds (11−3)16.
We shall explain the outline of the calculation of the spectrum and present the results.
First, we note that there are 5 sets of equations for 4 sets of variables. We can see that
the system of the equations is consistent by noticing that (3.39) is obtained by taking a
linear combination of derivatives of other four equations. Thus, we consider only the rst
four of the equations. Setting @− = 0 (and reinterpreting x+ ! 2t), we can eliminate Ψ^i,














































(k + 4)2  2(k + 4)− 58
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@+Ψ^− = 0 (3.40)











− = −Ψ^(2)− ), we found two physical modes which are














(k = 1; 2; : : :): (3.41)
where we have included the case k = 0 in the formula. Explicit forms of the diagonalized
elds ’k,+1 and ’
k,+


























































(k = 0; 1; : : :): (3.44)
Explicit forms of the diagonalized elds (’k,−1 and ’
k,−















































2 in (3.45) are the solutions with orders ~1 = 2k=5− 1 and ~2 = 2k=5 + 9=5
respectively which are related to the orders  given in (3.44) by  = ~ + 1. Thus, we can
construct the solutions with order  using the method described in the last subsection.{
The orders  of (3.44) are the ones which allow the interpretations in terms of the gener-
alized AdS/CFT correspondence.
4. Generalized AdS/CFT Correspondence
4.1 Matrix-theory correlators form supergravity
As we did in the case of bosons, we shall calculate the correlators in Matrix theory by
evaluating the supergravity action. First, we recall in what situations the calculation of
classical supergravity is valid [11]. The curvature of the D0-brane background must be
small in string unit which gives
r  (gsN)1/3‘s (4.1)
and the eective string coupling (dilaton background) must be small
g1/3s N
1/7‘s  r: (4.2)
Those two conditions are simultaneously satised in the whole near-horizon region
r  (gsN)1/7‘s; (4.3)
if
N !1; (gsN) > 1: (4.4)
{Dierent expressions for ϕk,−1 , ϕ
k,−
2 having the orders (3.44) may be possible by using (3.40) again.
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We assume the following relation between the supergravity action and the generating







where we impose the boundary conditions on the physical modes of supergravity at the
end of the near-horizon region (z = q1/7 i.e. r / (gsN)1/7‘s) and evaluate the action
on the near-horizon limit of the D0-brane background as a functional of the boundary
conditions. In this paper, we obtain the two-point functions of the fermionic operators of
Matrix theory.
We rst analyze the transverse vector-spinor mode with the ‘+’ choice of the eigenvalue
of the Dirac operator on the sphere (i
(k,+) mode) and then present the results for general
modes. The relevant part of the 10-dimensional action becomes (up to a numerical factor,)











3@r +   
}
Ψ^I : (4.6)







where C is a numerical constant and I; J are the labels for the harmonics. Also note that
we have chosen the normalization (gs dependence) of the elds such that the action in 10
dimensions has 2  1=g2s‘8s as a prefactor.












3@z +   
}
Ψ^I (4.8)
As noted in section 3.3, we can impose the boundary condition to one of the two com-
ponents of Ψ^. Following the choice which is assumed in the case of ordinary AdS/CFT
correspondence [19], we x the component which is more divergent as we take the bound-
ary to innity (z ! 0). That is, we x Ψ^(1) for the k,+i mode (by noting Kν(z)  z−ν).
For the same reason, we x Ψ^(2) in the case of the k,−i mode. The action is of rst order
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and the bulk contribution vanishes on shell, but we need to add the following boundary
term (at z = q1/7) to the action





to ensure that the classical solution is really an extremum of the action when we x Ψ^(1)
at the boundary [20].































which satisfy boundary condition Ψ^(1)(; z = q1/7) =
∫






































and we have retained only the leading part which is non-analytic in !. We have used the
Majorana condition (for our representation, Ψ^y = Ψ^T 3).
Following the ansatz of the generalized AdS/CFT correspondence (4.5), we obtain the
two-point function of the operator O which couple to the mode Ψ(1)


















j!j2ν−2 +   
}
: (4.12)




















j1 − 2j2ν+1 (4.13)
The 2-point functions corresponding to the other physical modes are given by substituting
into (4.13) the order  obtained in sections 3.3, 3.4 and 3.5.
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4.2 Identification of the Matrix-theory operators
Following the generalized AdS/CFT correspondence (4.5), we have calculated the 2-point
functions of Matrix-theory operators which couple to Rarita-Schwinger elds of the 11-
dimensional supergravity. Now we would like to identify the operators which couple to
each physical mode of supergravity. RS elds are the gauge elds of the supersymmetry
and should couple to the supercurrents of Matrix theory, but we do not have principles
which determine the coupling. We shall determine the Matrix-theory operator by requir-
ing 1) the scaling dimension (with respect to the generalized conformal symmetry which
is explained below) agrees with the one read o from the correlator which was obtained
form the supergravity calculation, and 2) the representation with respect to the trans-
verse rotation group SO(9) agrees with the supergravity mode. Note that this situation is
essentially the same as in the ordinary AdS/CFT correspondence such as the AdS5=CFT4
case, where the representation with respect to the N = 4 superconformal symmetry is
the guideline for determining the coupling.






















where Dt = @t + i[A; ]. and γ
m are the 9-dimensional Gamma matrices which are real
and symmetric. It has the generalized conformal symmetry which allows the coupling
constant gs to be transformed. The scale transformation is given by
t ! −1t; Xm ! Xm;  ! 3/2; gs ! 3gs: (4.15)
Together with the time translation and the special conformal transformation (treating as
gs as a eld with dimension:3), they constitute the conformal algebra. The near-horizon
limit of the D0-brane solution has the same kind of symmetry [10].
Matrix theory has two kinds of fermionic symmetries. One is a constant shift of
fermionic eld only.
 = ~ (4.16)
The other is the usual supersymmetry of the SYM theory.













The explicit forms of the supercurrents of Matrix theory are obtained by Taylor and
van Raamsdonk [21]. They are identied by reinterpreting the one-loop eective potential
between a pair of diagonal blocks in Matrix theory as the potential between the currents in
the linearized supergravity compactied on x−. The (M = +) and (M = m) components
of the supercurrents are given as follows up to numerical constant factors and possible



























f2 _Xm _Xnγn + _XmFnpγnγp + 2 _XnFpmγnγp + FnpFqmγnγpγqg
)
(4.18)
where Fmn = i[Xm; Xn] and STr is the symmetrized trace in which the average is taken
over all possible orderings of matrices (treating Fmn as a single unit). The above expression
is for the A = 0 gauge and we have set ‘s = 1. Note that ~q
+ and q+ agree with the
supercharges in the SYM theory corresponding to (4.16) and (4.17). The (M = −)













fterms of 3rd order in Fmn; _Xmg
)
(4.19)
To obtain the explicit forms of ~q− and q−, analysis of the ‘1=r8 terms’ of Matrix-theory
eective potential is needed. (Terms in (4.18) are obtained from the ‘1=r7 terms’.) In addi-
tion to the operators (4.18) and (4.19), there are the ‘moments’ of the currents which cou-





(k) contain a term which is obtained by inserting k times the transverse eld
~Xm = Xm=q1/7 into the traces in (4.18) and (4.19).
The consistency of these couplings between the branes and the supergravity elds are
conrmed in various contexts: they are consistent with the couplings obtained by ex-
panding the Matrix-regularized membrane action in the lightcone gauge around the flat
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background [22]; the couplings for D0-branes which are obtained through the Seiberg-Sen
argument are consistent with the Born-Infeld action [23]; the couplings for Dp-branes
obtained from D0 couplings by T-duality indeed have (p+1)-dimensional Lorentz covari-
ance [24]; and notably, the leading part of the absorption cross sections by D3-branes in
the small (gsN), large N limit which is calculated in the D = 4, N = 4 SYM theory
using the T-dualized couplings exactly reproduce the ones calculated in the semiclassical
supergravity including the cases of higher partial waves [25].
We assume that these operators are the candidates for the operators which couple
to the supergravity modes in our case. We shall compare the scaling dimensions (with
respect to the generalized conformal symmetry (4.15)) of the supercurrents and that of
the correlators obtained in the last subsection. From the right hand side of (4.13), we see















We can consistently identify the Matrix-theory operator which have the dimension
(4.20) for every supergravity modes. The results are summarized in the Table below.
Operators qm(k) and ~q
m
(k) in the Table are the ones which have the same SO(9) quantum
numbers as the harmonics. e.g., ~q
mfm1g
(1)  1RSTrf( _Xm − Fmnγn)Xm1g − (m $ m1).
Table
Physical modes of supergravity and the corresponding Matrix-theory operators




k,+ k,+ k,− k,−






























regions of k k  1 k  1 k  0 k  1 k  0 k  1
operator O ~qm(k) qm(k) q−(k) q+(k) ~q−(k) ~q+(k)


























5. 11-dimensional Lorentz invariance and Supersymmetry of Matrix the-
ory
In this section we consider the implications of our results for the Matrix-theory conjecture,
following the line of arguments of the previous paper [11]. Some of the results of [11] are
reviewed for completeness. According to the conjecture of Banks, Fischler, Shenker and
Susskind, innite momentum frame (P− !1) is achieved by taking the limit
N !1 with gs : xed: (5.1)
In this region, Matrix theory is expected to have the boost invariance in the x11 direction,
which rescales N with xed gs. As argued in section 4.1, our results obtained from
supergravity is valid when N !1 and (gsN) > 1, which will allows us to investigate the
innite momentum limit.k We shall check the boost invariance in the sense of the large-N
scaling behavior of the operators.
Under the boost transformation
x+ ! eωx+; x− ! e−ωx−; (5.2)
where P− scales as N , the time coordinate of Matrix theory which is the lightcone time
scales as N , Matrix-theory Hamiltonian (P+) must scale as 1=N while the transverse co-
ordinates and the compactication radius are kept xed. We shall analyze the behavior of
the operators under the boost from the scaling behavior of the correlators. We substitute
 ! N in the correlators and examine the N dependence.
hO(1)O(2)i ! N2dIMF G(1 − 2) (5.3)
where G() is a function independent of N and we have dened the ‘scaling dimension
with respect to the boost transformation’ dIMF of the operator O.
First, we review the behavior of the correlators of the bosonic operators. From the









j1 − 2j2ν+1 : (5.4)
kStrictly speaking, the condition for the validity of supergravity (4.4) is dierent from the innite
momentum limit (5.1). To satisfy (4.4), we need to take gs ! 0 as N !1 rather than xing gs. We are
assuming that this dierence does not aect the results.
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where  is the order of the modied Bessel function of the corresponding supergravity





 = (1 +
1
5






where n+(n−) is the number of the upper +(−) index on the operator and k means the k-
th moment. The fact that dIMF is determined solely from the spacetime index structure of
the operators suggests that the scaling of N is indeed related to the spacetime symmetry.
The tensor with the + index indeed scales inversely as the tensor with the − index.
However, the weights 6=5 are dierent from the natural expectation 1 by 1=5. The
interpretation of the remaining terms are as follows. The k-th moment has a contribution
−(1=7 + 1=5)k. The factor −1=7 is explained by the fact that the moments which we are
considering are made by multiplying ~Xm  Xm=((gsN)1/7‘s) (but not Xm) k times, but
there is also an anomalous behavior −1=5 for each transverse eld. The constant part
(−(1+1=5)) is interpreted as coming from the x− integration when we dene the currents,
also with the anomalous behavior for x− (−1=5).
Now we shall analyze the scaling behavior of the supercurrents. From the correlator








1+2ν/7 (1 − 2)
j1 − 2j2ν+1 ; (5.6)



























) is for the current qM and the (+) sign is for the current
~qM . The interpretations of the scaling for the lightcone indices, for x−-integration and
for the moments are the same as in the bosonic case. In addition, we see that qM and ~qM
transform inversely. This is indeed needed for spacetime interpretation. The current ~qM
is the supercurrent corresponding to the constant shift of fermionic eld (4.16) in Matrix
theory, which is interpreted as the kinematical SUSY in 11 dimensions. The current qM
is the supercurrent corresponding to the supersymmetry of the SYM theory (4.16), which
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is interpreted as the dynamical SUSY in 11 dimensions. The kinematical supercharge (~q)
satisfy Γ−~q = 0 and the dynamical supercharge (q) satisfy Γ+q = 0 to form the lightcone
SUSY algebra (f~q; ~qg  P−Γ−, f~q; qg  PmΓm, fq; qg  P+Γ+). Under the boost (5.2),
the kinematical and dynamical SUSY charges transform as
~q ! e−ωΓ0,11/2~q = eω/2~q; q ! e−ωΓ0,11/2q = e−ω/2q; (5.8)
which can be shown from the properties of q; ~q mentioned in the above sentences. Thus
we expect that the current ~qM has a contribution −1=2 for the boost weight, and the
current qM has +1=2. Our results shows anomalous behavior 1=10 also in this case. We
do not have an interpretation for the last term −1=10 of (5.7).
The interpretation of the anomalous behavior is not clear. One possibility is that
Matrix theory does not have 11-dimensional Lorentz invariance or supersymmetry, but
the following interpretation seems more appropriate [11]. We have studied Matrix theory
by analyzing the supergravity inside the near-horizon region. However, it is possible that
we could not take into account the necessary degrees of freedom of Matrix theory by
restricting to the near-horizon region. Indeed, ‘average transverse size’ of Matrix theory
L2  Tr(XmXm)=N is estimated to be L  (gsN)1/3‘s [26], which is larger than the
‘boundary’ of the near-horizon region rb  (gsN)1/7‘s in the case of interest (gsN) > 1.
Further argument supporting this interpretation was given in [27]. Suppose we shift
the boundary rb  N1/7 to some larger value ~rb  Nα. Assuming that the system is
homogeneous (though it will not really be the case), the eld Xm will be rescaled to
~rb
rb
Xm. If we require the factor just cancels the anomalous behavior for transverse elds
N−1/5, the shifted boundary must be
~rb / N1/7+1/5 = N1/3+1/105 (5.9)
which is very close to L  N1/3. It seems to suggest that we need to have radial size at
least L  (gsN)1/3‘s to analyze Matrix theory.
6. Discussions
In this paper, we have predicted the 2-point functions of the supercurrents of Matrix the-
ory following the conjecture of generalized AdS/CFT correspondence. We have analyzed
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the scaling behavior with respect to N and considered whether the Matrix-theory super-
currents have correct weights when we interpret the scaling of N (with xed gs) as the
boost in the 11-th direction following the original proposal of Banks, Fischler, Shenker
and Susskind [1]. We have reached to a result which is not very denitive: The super-
currents corresponding to the two kinds of fermionic symmetries of Matrix theory can be
indeed interpreted as having inverse weights under the Lorentz boost, which suggests the
correctness of the interpretation of them as kinematical and dynamical SUSY currents of
the 11-dimensional SUSY. However, the weights are slightly dierent from the canonical
behavior, which seem to be of the same nature as the anomalous behavior for the space-
time tensors which were found in the previous paper. The origin of these behavior are
not clear but it is likely that the generalized AdS/CFT correspondence is not able to give
the exact information of Matrix theory, possibly due to the ‘IR cuto’ of the supergravity
calculation which is the boundary of the near-horizon region.
To understand the eect of this cuto more precisely, we will have to study the cuto
dependence from both supergravity and gauge theory. On the supergravity side, one
possibility is to try to extend further the generalized AdS/CFT correspondence assuming
that the bulk/boundary correspondence continues to hold for outside the near-horizon
region. The holographic renormalization group [28] is a suitable framework for analyzing
the eect of shifting the position of the boundary. On the gauge-theory side, on the other
hand, analyzing the dependence on the cuto (for transverse elds Xm) may be as dicult
as solving the theory directly. Up to now, quantitative study of the large-N Matrix theory
in the strong coupling is only attempted through the Gaussian approximation [29, 30].
We hope that the cuto dependence can be incorporated in some approximation scheme.
Though we have mentioned the possibility for the limitation of the generalized AdS/CFT
correspondence, our results which exhibit the large-N scaling behavior should be the con-
sequence of the collective dynamics of Matrix theory. Though the near-horizon region
r < (gsN)
1/7‘s is smaller than the average transverse size L  (gsN)1/3‘s, it should be
noted that it is larger than the characteristic size of N -body bound state obtained by a
mean eld analysis [1] Lm.f.  (gsN)1/9‘s. We would like to note a fact which may be an
indication [11] that the generalized AdS/CFT correspondence takes into account certain
amounts of degrees of freedom of Matrix theory. Assume that the coecient of the two-
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point function of the stress-energy tensor gives the entropy of the theory. The coecient
(c) of the two-point function of Tij in the lowest angular momentum (k = 0) mode which
is obtained from the generalized AdS/CFT correspondence c / N2(gsN)−3/5 agrees with
the gs and N dependence of the entropy which is calculated from the Bekenstein-Hawking
formula S / N2(gsN‘3s=T 3H)−3/5 where TH is the Hawking temperature. We hope to clarify
the meaning of this agreement in future works.
Once the nature and the validity of the generalized AdS/CFT correspondence for
Matrix theory are understood, we can use this formalism to investigate other dilatonic D-
branes, for the general Dp-branes have the generalized conformal symmetry. Particularly
interesting case is that of D1-branes. The U(N) super Yang-Mills theory in 2 dimensions
describing D1-branes is called Matrix string theory and is conjectured to be another non-
perturbative denition of the type IIA string theory [31]. In the large-N limit with small
gs, this theory is believed to be described eectively by a conformal eld theory, and an
eective interaction vertex operator is proposed which is claimed to have leading scaling
dimension. The generalized AdS/CFT correspondence for D1-branes will be useful in
checking these conjectures and in investigating the non-perturbative behavior of string
theory.
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Appendix
A. The connections and the curvatures of the background
We summarize here the connections and the curvatures of the background in 11 dimensions
which is given by the metric
ds2 = dx+dx− + h dx−dx− + dx2m:
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where h = q=r7. Using the spherical coordinate on S8, the metric reads
g++ = 0; g+− =
1
2
; g−− = h; grr = 1; gij = r2kij (A.1)
where kij is the metric of the unit sphere S
8 and xi (i; j = 1; : : : 8) are the (angular)
coordinate along S8.
Non-vanishing components of the Christoel symbols are
Γr−− = −1
2














(S8) means the Christoel symbol on the unit sphere S8 and h0 = @rh. Non-
vanishing components of the curvature tensors are











h00 = −28 q
r9
: (A.3)











; e0^− = 0; e1^1− =
p
h; (A.4)











; !r0^1^1 = −
h0
2h
; !ir^^ = −1
r
e^ier^r; !i^k^ = !i^k^
(S8) (A.5)
where !i^k^
(S8) means the spin connection on the unit sphere S8.
We dene the covariant derivative which is made from the connections on S8, ~Di.




rj, !ir^^. For example, the
covariant derivative of a spinor  is















using the representation of the Γ matrix (3.8).
B. Spectrum of the k=0,+ mode
In this appendix, we describe the details of the analysis of the spectrum of the k=0,+
mode and show that there is one physical degree of freedom which is solved by the Bessel
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− , Ψ^(1)r , Ψ^
(2)
r , Ψ^
(1) and Ψ^(2), where the superscripts (1) and
(2) denote upper and lower component of the two-component spinors, respectively).
There is a local supersymmetry Ψ^M = DM under which the elds transform as













The parameter ^ is dened by  = ^(γ9)−1/2 where  is the Killing spinor on S8. We
use half of the gauge freedom and set Ψ^(2)=0. Other half will be xed in the following.






















































(1) = 0 (B.4)
2@+Ψ^
(2)





































































(1) = 0 (B.9)






























From (B.8) and (B.10),
Ψ^
(2)
+ = − r16hf@rΨ^
(2)






Using (B.10)  (B.12) to eliminate Ψ^(1), Ψ^(2)r and Ψ^(2)+ (and using h0 = −7h=r), (B.3)










and (B.6) can be written as
@+Ψ^
(1)













This set of ‘Dirac equation’ is solved by Ψ^
(1)
− which satisfy








]z−7/2Ψ^(1)− = 0 (B.15)
where we have reinterpreted x+ ! 2t and changed the radial variables z = 2q1/2r−5/2=5.
We have found one physical degree of freedom Ψ^
(1)
− and we have seen that the variables









r are determined by (B.4) and using the remaining gauge freedom
(to set e.g. Ψ^
(1)
+ = 0). We can check that the set of solutions satisfy the equation (B.5)
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